Abstract. Given a closed symplectic manifold, we study when the Lefschetz decomposition induced by the sl(2; R)-representation yields a decomposition of the de Rham cohomology. In particular, this holds always true for the second de Rham cohomology group, or if the symplectic manifold satisfies the Hard Lefschetz Condition.
Introduction
Compact Kähler manifolds have special cohomological properties: from the complex point of view, the Hodge decomposition theorem states that the complex de Rham cohomology groups decompose as direct sum of the Dolbeault cohomology groups, and from the symplectic side the Hard Lefschetz theorem provides a decomposition of the de Rham cohomology as direct sum of primitive cohomology groups. Such decompositions do not hold anymore for general non-Kähler complex manifolds. 
) can be interpreted as the symplectic counterpart to the Bott-Chern cohomology of a complex manifold, see [32] . (As regards the Bott-Chern cohomology and its relation with the cohomological properties of a compact complex manifold, we refer to [4] , where the problem whether the Bott-Chern cohomology groups induce a decomposition of the de Rham cohomology is studied, and a characterization of compact complex manifolds satisfying the ∂∂-Lemma is given.) Furthermore, they have studied the dual currents of Lagrangian and co-isotropic submanifolds, and they have defined a homology theory on co-isotropic chains, which turns out to be naturally dual to a primitive cohomology. Inspired also by their work, Y. Lin has developed in [23] a new approach to the symplectic Hodge theory, proving in particular that, on any closed symplectic manifold satisfying the Hard Lefschetz Condition, there is a Poincaré duality between the primitive homology on co-isotropic chains and the primitive cohomology.
In the present paper, we focus on cohomological properties of closed symplectic manifolds (X, ω). We are concerned in studying when the above subgroups yield a direct sum decomposition of the de Rham cohomology, respectively, of the de Rham homology. In this matter, we prove the following result, which can be regarded as the symplectic counterpart to [15, Theorem 2.3] by T. Drǎghici, T.-J. Li and W. Zhang in the complex case. Theorem 2.6. Let X be a closed manifold endowed with a symplectic structure ω. Then The paper is organized as follows. In Section 1, we recall the basic facts concerning Lefschetz decomposition (both for differential forms, for currents, and for cohomologies) and Hodge theory on closed symplectic manifolds, in particular with the aim to fix the notations. In Section 2, we introduce and study the subgroups H (•,•) ω (X; R), proving the symplectic cohomological decomposition in Theorem 2.6. In Section 3, we study symplectic cohomology decomposition for solvmanifolds, providing several explicit examples and computing the symplectic cohomology groups in such cases.
Preliminaries on Hodge theory for symplectic manifolds
We recall here some notions and results concerning Hodge theory for symplectic manifolds, referring to [8, 25, 33, 9, 30, 31, 23 ].
1.1. Primitive forms and Lefschetz decomposition. Let (V, ω) be a 2n-dimensional symplectic vector space and denote by {e 1 , . . . , e 2n } a Darboux basis of V for ω, i.e., ω = n i=1 e i ∧ e n+i , where {e 1 , . . . , e 2n } is the dual basis of {e 1 , . . . , e 2n }. Denote by I : V → V * the natural isomorphism induced by ω, namely I(v)(·) = ω(v, ·), for every v ∈ V . Then ω gives rise to a bilinear form on ∧ k V * , denoted by ω −1 k , which is skew-symmetric, respectively symmetric, according that k is odd, respectively even, and defined on the simple elements as
Let X be a 2n-dimensional closed manifold and let ω be a symplectic structure on X (namely, a nondegenerate d-closed 2-form on X). Set Π := ω −1 ∈ ∧ 2 T X the canonical Poisson bi-vector associated to ω, namely, in a Darboux chart with local coordinates
(we denote the interior product with ξ ∈ ∧ 2 (T X) by ι ξ :
The above sl(2; R)-representation, having finite H-spectrum, induces the Lefschetz decomposition on differential forms, [33, Corollary 2.6], 
In general, see [31, pages 7-8] , the Lefschetz decomposition of A (k) ∈ ∧ k X reads as
where, for r ≥ max {k − n, 0},
and, for r ≥ max {k − n, 0} and ℓ ∈ N,
We recall that
is injective, see [33, Corollary 2.8] , and that, for every k ∈ N,
for every k ∈ N. Then the following basic symplectic identity holds (see, e.g., [33, Corollary 1.3] ):
As a direct consequence of (1), one gets d d
) is an almost-Kähler structure on X, then the symplectic-⋆-operator ⋆ ω and the Hodge- * -operator * g are related by ⋆ ω = J * g , and hence d 
which is isomorphic to the de Rham cohomology, since
In [30] , looking for a symplectic counterpart to the Aeppli and Bott-Chern cohomologies of complex manifolds (see [32] for further discussions), L.-S. Tseng and S.-T. Yau introduce also the
proving in [30, Corollary 3.6, Corollary 3.17] that, being X compact, they are finite-dimensional Rvector spaces, since, once fixed an almost-Kähler structure (J, ω, g) on X, they are isomorphic to the kernel of certain 4 th -order self-adjoint elliptic differential operators, see [30, Theorem 3.5, Theorem 3.16]; furthermore, the Hodge- * -operator with respect to g induces * : 
Hence, setting
(see [30, Lemma 3.9 ]), one gets that
and, for every k ∈ N,
1.3. Hard Lefschetz condition. The identity map induces the following natural maps in cohomology:
Recall that a symplectic manifold is said to satisfy the d d
In fact, by [ [13] ), it turns out that the following conditions are equivalent: 
Finally, if j : Y ֒→ X is a compact submanifold of X of codimension k, then it is defined the dual current ρ Y ∈ D k X associated with Y , by setting
for every test form ϕ ∈ ∧ k X. If Y is a closed submanifold, then the dual current ρ Y is closed, and, according to [30, Lemma 4.1] , ρ Y is primitive if and only if Y is co-isotropic.
Symplectic (co)homology decomposition
In this section, we provide a symplectic counterpart to T.-J. Li and W. Zhang's theory on cohomology of almost-complex manifolds developed in [22] .
Let X be a 2n-dimensional closed manifold endowed with a symplectic structure ω. For any r, s ∈ N, define H (r,s) ω
we are concerned in studying when the above inclusion is actually an equality, and when the sum is actually a direct sum.
Remark 2.1. We underline the relations between the above subgroups and the primitive cohomologies introduced by L.-S. Tseng and S.-T. Yau in [30] .
As regards L.-S. Tseng and S.
Tseng and S.-T. Yau have introduced also the primitive cohomology groups
where s ∈ N, proving that the homology on co-isotropic chains is naturally dual to PH 
In [11] , D. Conti and the second author studied the notion of half-flat structure on a 6-dimensional manifold X (see [10] ). Namely, an SU(3)-structure (ω, ψ) on X (where ω is a non-degenerate real 2-form, and ψ is a decomposable complex 3-form, such that ψ ∧ ω = 0 and ψ ∧ψ = − [33] (see also [30, Theorem 3.11, Proposition 3.13]), for a 2n-dimensional closed manifold X endowed with a symplectic structure ω, the following conditions are equivalent: Proposition 2.4. Let X be a 2n-dimensional closed manifold endowed with a symplectic structure ω. For every k ∈ N, the following implications hold:
Proof. Note that the quasi-isomorphism
and hence, in particular, it preserves the bi-graduation,
and it induces, for every r, s ∈ N, an injective map Proof. Firstly, we prove that H
where f ∈ C ∞ (X; R) and
, which is absurd.
Remark 2.7. Note that the argument in the proof of Theorem 2.6 can be generalized to prove the following: If X be a 2n-dimensional closed manifold endowed with a symplectic structure ω, then, for every k ∈ 1, . . . ,
, it holds
In some cases, the study of the spaces H (r,s) ω (X; R) can be reduced to the study of H (0,r) ω (X; R): this is the matter of the following result.
Proposition 2.8. Let X be a 2n-dimensional closed manifold endowed with a symplectic structure ω. Then, for every r, s ∈ N such that 2r + s ≤ n, one has
Proof. Since L : ∧ j X → ∧ j+2 X is injective for j ≤ n − 1 (in fact, an isomorphism for j = n − 1), and [d, L] = 0, we get that
assumed that 2r + s ≤ n.
In particular, for every r ∈ 1, . . . , n 2
, the spaces H
In particular, by the previous result follows that, for k ≤ n, the condition
Symplectic (co)homology decomposition on solvmanifolds
By a nilmanifold (respectively, a solvmanifold ) we mean a compact quotient of a nilpotent (respectively, solvable) Lie group by a discrete co-compact subgroup. A solvmanifold X = Γ\ G is called completely-solvable if, for any g ∈ G, all the eigenvalues of Adg ∈ End(G) are real, equivalently, if, for any X ∈ g, all the eigenvalues of adX ∈ End(g) are real. To shorten the notation, we will refer to a given solvmanifold X = Γ\ G writing the structure equations of its Lie algebra: for example, writing X := 0 4 , 12, 13 , we mean that there exists a basis of the naturally associated Lie algebra g, let us say {e 1 , . . . , e 6 }, whose dual will be denoted by e 1 , . . . , e 6 and with respect to which the structure equations are [24, Theorem 7] , given a nilpotent Lie algebra g with rational structure constants, then the connected simply-connected Lie group G naturally associated to g admits a co-compact discrete subgroup Γ, and hence there exists a nilmanifold X := Γ\ G whose Lie algebra is g. Dealing with G-left-invariant objects on X, we mean objects induced by objects on G which are invariant under the left-action of G on itself given by lefttranslations. By means of left-translations, G-left-invariant objects will be identified with objects on the Lie algebra. By A. Hattori's theorem [19, Corollary 4.2] , the cohomology of a completely-solvable solvmanifold X is isomorphic to the cohomology
for simplicity, in writing the cohomology of a solvmanifolds, we list the harmonic representatives with respect to the G-left-invariant metric g := ℓ e ℓ ⊙ e ℓ instead of their classes. We recall that, by Ch. Benson and C. S. Gordon's theorem [6, Theorem A] , if a nilmanifold X is endowed with a symplectic structure ω such that the Hard Lefschetz Condition holds, then it is diffeomorphic to a torus.
Let X = Γ\ G be a completely-solvable solvmanifold, endowed with a G-left-invariant structure ω. In particular, ω being G-left-invariant, L, Λ, H induces a sl(2; R)-representation both on ∧
• X and on its (quasi-isomorphic) subspace made of the G-left-invariant forms (which is isomorphic to ∧
• g * ). For any r, s ∈ N, we can consider both the subgroup H 
, namely, the subgroup made of the de Rham cohomology classes admitting
In this section, we are concerned in studying the linking between H First of all, we will need the following lemma by J. Milnor. 
One has that
In particular, µ sends primitive forms to G-left-invariant primitive forms.
Proof. It has to be shown just that Table 5 ].
